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The efficient and reliable characterization of quantum states plays a vital role in most, if not all,
quantum information processing tasks. In this work, we present a universally optimal protocol for
verifying entangled states by employing the so-called quantum non-demolition measurements, such
that the verification efficiency is equivalent to that of the optimal global strategy. Instead of being
probabilistically as in the standard verification strategies, our protocol is constructed sequentially,
which is thus more favorable for experimental realizations. Moreover, our protocol owns the ad-
ditional benefit that the target states are preserved after the measurements, so can be reused in
any subsequent tasks. We demonstrate the power of our protocol for the optimal verification of
Bell states, arbitrary two-qubit pure states, and stabilizer states. Furthermore, we prove that our
protocol is also able to perform tasks including fidelity estimation and state preparation.
Introduction.—One basic yet important step in almost
all quantum information processing tasks is to efficiently
and reliably characterize the quantum states. However,
the standard tool of quantum state tomography [1] is typ-
ically rather time-consuming and computationally hard
due to the exponentially increasing number of parame-
ters to be reconstructed [2, 3]. Thus, much attention has
been drawn to the quest for nontomographic methods
[4–8], among which quantum state verification (QSV) [9]
particularly stands out because of its many notable prop-
erties including its high efficiency and the low cost of re-
sources. Up to now, various kinds of bipartite and mul-
tipartite quantum states [9–24] can be verified efficiently
or even optimally by QSV. Very recently, efficient proto-
cols for verifying quantum processes (including quantum
gates and quantum measurements) have also been pro-
posed [25–27].
In short, QSV is a procedure for gaining confidence
that the output of a quantum device is a particular target
state |ψ〉 over any others using local measurements. A
QSV protocol Ω takes on the general form
Ω =
∑
i
µiΩi , (1)
where {Ωi, 1 − Ωi} are a set of two-outcome tests with
probability distribution {µi} that satisfy Ωi|ψ〉 = |ψ〉
for all i. If all N states pass the test, we achieve the
confidence level 1−δ with δ ≤ [1−ν(Ω)]N , where  is the
infidelity of the states and ν(Ω) := 1−λ2(Ω) denotes the
spectral gap between the largest and the second largest
eigenvalues of Ω [9, 21]. Hence, the QSV protocol Ω can
verify |ψ〉 to infidelity  and confidence level 1 − δ with
the number of copies of the states satisfying
N ≥ ln δ
−1
ln
{
[1− ν(Ω)]−1} ≈ 1ν(Ω)−1 ln δ−1 . (2)
Compared with tomography as well as other nonto-
mographic methods, properly engineered QSV protocols
can greatly reduce the cost of resources. Additionally,
the projective operator Ωis are expected to be imple-
mentable with local measurements only, thus facilitating
the ease of experimental realizations. However, there also
exist several unfortunate drawbacks with QSV. The first
one concerns the efficiency with QSV, where an optimal
strategy can rarely (if not impossible at all) be devised.
The other drawback is that the measurements Ωis are
implemented in a probabilistic manner with probability
distribution {µi}, which is usually very difficult to han-
dle in experiments [19, 23]. The last is that the unknown
quantum states to be characterized are destroyed after
each measurement as the system collapses at the detec-
tor, resulting in the severe waste of a large number of
copies of the states. In fact, one notes that the latter two
problems with QSV also exist in tomography and other
nontomographic methods.
In this work, we propose a new type of protocol to
tackle all the problems associated with QSV. Our pro-
tocol is based on the so-called quantum non-demolition
(QND) measurements [28–30], which are the type of
measurements that leave the post-measurement quantum
states undestroyed, thus allowing repeated or sequential
measurements. We fully explore the use of sequentially
constructed QND measurements for state verification in-
stead of probabilistically as in the standard QSV strate-
gies. Under such a design, not only can we preserve the
target states, but also make our protocol equivalent to
the optimal global strategy in terms of the verification
efficiency. Specifically, in order to verify the target state
within infidelity  and confidence level 1−δ, we only need
N ≈ −1 ln δ−1 copies of the states. Moreover, our pro-
tocol is robust in the sense that the order of the sequen-
tial measurements can be arbitrarily constructed which
is rather friendly to experimental implementations. We
demonstrate the power of our protocol for the optimal
verification of Bell states, arbitrary two-qubit pure states,
and stabilizer states. Last but not least, we prove that
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2the protocol can also be used to perform tasks including
fidelity estimation and state preparation.
Non-demolition quantum verification.—The QND
measurements are often realized through the entangle-
ment with an ancillary system, then followed by a mea-
surement on the ancilla. Let us consider the joint system
|ψ〉 ⊗ |0〉, where |0〉 is the initial state of an ancillary
qubit. Next, we entangle the system and the ancilla via
the following operation
Ui = Ωi ⊗ 1 + (1 − Ωi)⊗X , (3)
and obtain
|ψ′〉 := Ωi|ψ〉 ⊗ |0〉+ (1 − Ωi)|ψ〉 ⊗ |1〉 , (4)
where {Ωi, 1 −Ωi} are the “pass-or-fail” tests for verify-
ing |ψ〉 as in the standard QSV. Note that the unitarity
of Ui is ensured since Ωi is a projector. With this opera-
tion, a Pauli-Z measurement performed on the ancillary
qubit of the coupled state |ψ′〉 is equivalent to the real-
ization of the two-outcome measurement {Ωi, 1 −Ωi} on
the system. This procedure can be concisely described
by the operation
Mi = (1 ⊗ |0〉〈0|)Ui (5)
on the joint system |ψ〉 ⊗ |0〉, which is a QND measure-
ment on the system state |ψ〉. Note also that Mi cor-
responds to a positive operator-valued measure, and is
usually not hermitian.
Similar to the standard QSV protocol, one can easily
check thatMi
(|ψ〉⊗ |0〉) = |ψ〉⊗ |0〉 for all i. Therefore,
verification of the target state |ψ〉 by Ωi is exactly the
same as verifying |ψ〉 non-destructively using Mi. With
this, we have reformulated the procedure of QSV using
QND measurements with the addition of ancillary qubits,
which we dub as non-demolition quantum verification
(NDQV). Here we have two quick remarks. First, due to
the dichotomic nature of the measurements {Ωi, 1 −Ωi}
on the system, the coupled ancilla can always be chosen
as a two-dimensional qubit, no matter what the dimen-
sion of the target system is [31]. Second, the entangling
operation Ui is of a similar structure to those used in
many other applications such as quantum error correc-
tion protocols [32–36] and can be realized with standard
quantum gates.
Sequential NDQV.—The NDQV protocol can, of
course, be implemented in a probabilistic manner as that
of the standard QSV. However, doing so would not of-
fer us any additional advantages but rather complicates
the process by establishing the entanglement with an an-
cilla. The advantage of the NDQV protocol lies in the
fact that the target state is not destroyed and remains
non-disturbed as long as the test passes. Thus, the post-
measurement state can be reliably used and measured
again. Forasmuch, we introduce the so-called sequential
NDQV protocol; see below the theorem.
Theorem 1. If a target state |ψ〉 can be verified by the
protocol Ω =
∑
i µiΩi, where Ωis are made up of local
projectors, then it can be verified optimally by
M =
∏
i
Mi (6)
with Mi being defined as in Eq. (5). The spectral gap of
M is given by
ν(M) = 1 , (7)
indicating that the verification efficiency of M is the
same as that of the optimal global strategy.
Proof. Same as the standard QSV protocol, the spectral
gap is given by ν(M) := 1−λ2(M) with λ2(M) being the
second largest eigenvalue ofM; see the explicit derivation
in Appendix A. With the definition of the QND measure-
ment Mi as in Eqs. (5) and (3), we have
M =
∏
i
[
Ωi ⊗ |0〉〈0|+ (1 − Ωi)⊗ |0〉〈1|
]
=
∏
i
Ωi ⊗ |0〉〈0|+
∏
i 6=l
Ωi · (1 − Ωl)⊗ |0〉〈1| , (8)
where l refers to the very first test setting performed in
the sequence. It is clear that the second term in Eq. (8)
does not affect the eigendecomposition of M, thus one
has ν(M) = ν(∏i Ωi) for the spectral gap. Being able
to verify the target state |ψ〉, each projector Ωi should
take on the general form
Ωi = |ψ〉〈ψ|+
∑
p
λpi |ψp〉〈ψp| , (9)
where the basis {|ψp〉} spans the subspace orthogonal to
|ψ〉. Since Ωis are constructed by local projectors, we
must have λpi = 0 or 1, ∀(i, p). Finally, for a complete
verification protocol, we have
Ωs :=
∏
i
Ωi = |ψ〉〈ψ| , (10)
thus, ν(M) = ν(Ωs) = 1.
Several remarks about the sequential NDQV protocol
are in order. Firstly, since the ancillary qubit is fixed to
be |0〉, following Eq. (8) one has
M(σ ⊗ |0〉〈0|) = (Ωs ⊗ 1 )(σ ⊗ |0〉〈0|) (11)
for verifying an arbitrary state σ. Thus, we can denote
the sequential NDQV measurement as
M=̂Ωs ⊗ 1 . (12)
Note that the symbol “=̂” implies the fact that the an-
cilla |0〉 is actually replaced after each measurement. Fol-
lowing this equivalence, one notices that the order of
3the measurements Mi in the sequential NDQV proto-
col can be made arbitrary. This can be easily deduced
from Eq. (8) because the order of the measurements only
affects the second term which is irrelevant to the eigen-
decomposition of M. With such a good property, the
sequential NDQV protocol is rather friendly to experi-
mental implementations.
Secondly, a direct consequence of the optimality of the
sequential NDQV protocol leads us to the following corol-
lary regarding efficiency.
Corollary 1. The verification efficiency of the sequen-
tial NDQV protocol will not be improved by adding more
measurement settings.
Besides arguing by the optimality property, we can al-
ternatively prove this corollary by direct calculations; see
Appendix B. This property of the sequential NDQV pro-
tocol is very different from that of the standard QSV
strategies where more measurement settings usually can
improve the verification efficiency [9]. In other words,
our protocol provides an upper bound for the minimal
number of measurement settings demanded for state ver-
ification.
Lastly, the sequential NDQV protocol can offer us two
additional by-products, namely fidelity estimation and
state preparation; see below the corollary.
Corollary 2. The average fidelity between the output
state σi and the target state |ψ〉, i.e., F = 〈Fi〉, can be
directly estimated by the sequential NDQV protocol, such
that
M(σi ⊗ |0〉〈0|) = Fi|ψ〉〈ψ| ⊗ |0〉〈0| , (13)
where Fi = 〈ψ|σi|ψ〉 is the fidelity between σi and |ψ〉.
In addition, Eq. (13) also implies that, with a certain
probability F , the target state |ψ〉 is preserved after the
measurements. Hence, the sequential NDQV protocol
can be regarded as a state preparation process, with the
successful rate given by the average fidelity between the
output state and the target state.
Bell state verification.—Consider the case of verifying
the Bell state |Φ〉 = (|00〉 + |11〉)/√2. In the standard
QSV protocol ΩBell, this state can be verified efficiently
with two measurement settings [9], such that
Ω1 = P
+
ZZ = |0〉〈0| ⊗ |0〉〈0|+ |1〉〈1| ⊗ |1〉〈1| ,
Ω2 = P
+
XX = |+〉〈+| ⊗ |+〉〈+|+ |−〉〈−| ⊗ |−〉〈−| ,
(14)
where |±〉 = (|0〉 ± |1〉)/√2. Then we can take ΩBell =
1
2 (Ω1 + Ω2), with the corresponding spectral gap giving
by ν(ΩBell) =
1
2 .
Using Theorem 1, we can construct the sequential
NDQV protocol for verifying |Φ〉 asMBell =M1M2 (or
X X
|Φ〉
|0〉
(a)
X X
H H
H H
|Φ〉
|0〉
(b)
FIG. 1. Circuits for the experimental realization of the cou-
pling operations U1 (a) and U2 (b) as in Eq. (15). |Φ〉 is the
target Bell state to be verified, and |0〉 represents the ancillary
qubit.
equivalently as MBell = M2M1). The two QND mea-
surement settings M1(2) are defined as in Eq. (5) with
U1 = P
+
ZZ ⊗ 1 +
(
1 − P+ZZ
)⊗X
= CX1aCX2a ,
U2 = P
+
XX ⊗ 1 +
(
1 − P+XX
)⊗X
=
(
H ⊗H ⊗ 1 )CX1aCX2a(H ⊗H ⊗ 1 ),
(15)
where H is the Hadamard gate, and CXja denotes the
cnot gate that the ancilla qubit a is controlled by qubit
j. The corresponding circuits for the experimental real-
ization of the coupling operations U1(2) are illustrated in
Fig. 1.
Specifically, the sequential NDQV protocol for verify-
ing the Bell state |Φ〉 proceeds as follows. Together with
an ancillary qubit prepared in state |0〉, the actual state
σi is sent into the circuit for the coupling operation U1,
followed by a Pauli-Z measurement on the ancilla at the
end of the circuit. If the measurement outcome is |0〉,
together with another freshly prepared ancillary qubit in
state |0〉, the system state is passed on to the circuit for
the coupling operation U2 followed by a Pauli-Z mea-
surement on the ancilla. If the outcome is still |0〉, we
declare the test passes. In any other cases, we say that
the test fails. In this way, the protocolMBell has a spec-
tral gap ν(MBell) = 1, thus is equivalent to the optimal
global strategy, and N ≈ −1 ln δ−1 number of copies of
the state are required to verify |Φ〉 within infidelity  and
confidence level 1− δ.
One final remark concerns the verification efficiency is
that, in the standard QSV protocol, the efficiency can be
further improved to ν(Ω′Bell) =
2
3 by adding an additional
measurement setting P−Y Y [9, 18]. However, by Corol-
lary 1, more measurement settings will not help improve
the sequential NDQV protocol as it is already equivalent
to the optimal global strategy.
Verification of arbitrary two-qubit pure states.—
Without loss of generality, we write the two-qubit en-
tangled pure state as |Ψ〉 = sin θ|00〉 + cos θ|11〉 with
θ ∈ (0, pi/4). In the standard QSV protocol, this state
4can be verified efficiently using three local settings [18],
Ω1 = P
+
ZZ = |0〉〈0| ⊗ |0〉〈0|+ |1〉〈1| ⊗ |1〉〈1| ,
Ω2 = 1 − |+〉〈+| ⊗ |ϕ+〉〈ϕ+| ,
Ω3 = 1 − |−〉〈−| ⊗ |ϕ−〉〈ϕ−| ,
(16)
where |ϕ±〉 = cos θ|0〉∓sin θ|1〉. The corresponding spec-
tral gap is ν(Ω2qb) =
1
3 by taking Ω2qb =
1
3
∑3
i=1 Ωi.
More details on the standard QSV protocols can be found
in Appendix C, where we also discuss how to do the ver-
ification using adaptive methods. Then in Appendix D,
we show how to realize the corresponding adaptive QND
measurements.
By applying Eqs. (3) and (5), we find that the QND
implementation of Eq. (16) is given by
M1 =
(
1 ⊗ |0〉〈0|)CX1aCX2a,
Mti =
(
1 ⊗ |0〉〈0|)(R†i ⊗ 1 )(X ⊗X ⊗ 1 )
C2X12a
(
X ⊗X ⊗ 1 )(Ri ⊗ 1 ) , (17)
for i = {2, 3}, where the rotation matrix R2(3) turns the
state |+〉 ⊗ |ϕ+〉 (|−〉 ⊗ |ϕ−〉) into |00〉. Specifically,
R2 = H ⊗
[
cos θ − sin θ
sin θ cos θ
]
and R3 = XH ⊗
[
cos θ sin θ
− sin θ cos θ
]
.
(18)
These QND measurements require a Toffoli (ccnot) gate
C2X12a which is a three-body coupling operation. For sys-
tems where the Toffoli gate is not easily accessible, in
this setting of NDQV, one can also effectively replace it
with two cnot gates using two ancillary qubits initially
prepared in |00〉. We denote the new set of QND mea-
surements by Mbi and, for i = {2, 3},
Mbi = 1 −
(
1 ⊗ |00〉〈00|)(R†i ⊗ 1 )CX1aCX2a′(Ri ⊗ 1 ) .
(19)
The equivalence of the two NDQV protocols Mt =
M1Mt2Mt3 and Mb =M1Mb2Mb3 (or arbitrary permu-
tations of the three measurement settings) can be ob-
tained from Mti=̂Mbi by direct calculations, and both
of them are equivalent to the optimal global strategy.
The latter replaces the Toffoli gate by two cnot gates
at the cost of one additional ancillary qubit. In fact,
this equivalence also holds for many-body coupling oper-
ations; see below the proposition with the proof shown
in Appendix E.
Proposition 2. For the specific setting of NDQV where
the ancilla is always prepared in |0〉 and measured in the
Pauli-Z basis, a generalized (n + 1)-body controlled gate
can always be replaced by n two-body cnot gates with
ancillary qubits initially prepared in |0〉⊗n.
Verification of stabilizer states.—Stabilizer states, such
as the GHZ states [32, 37], are an important class of
multipartite states. An n-qubit stabilizer state |ψ〉 can be
determined by a stabilizer group S, where S is generated
by a set of n commuting Pauli operators {S1, . . . , Sn}
(the stabilizer generators). With Si|ψ〉 = |ψ〉 for all i,
the stabilizer group uniquely defines the state |ψ〉.
In the standard QSV strategy, an n-qubit stabilizer
state can be verified with efficiency ν = 1/n using
minimal n measurement settings that are constructed
by the stabilizer generators of the corresponding state
[9]. This verification efficiency can be improved to ν =
2n−1/(2n − 1) if more measurement settings (like the
2n − 1 linearly independent stabilizers) are used. Since
the stabilizer generators are Pauli operators, by Theo-
rem 1, the sequential NDQV protocol can be realized
using QND measurements Mi with only two-body cou-
plings CX and suitable local operations. These QND
measurements can be implemented in the same way as
the syndrome measurements for stabilizer quantum error
correction codes [36].
Take the three-qubit GHZ state |GHZ3〉 = (|000〉 +
|111〉)/√2, where one set of the stabilizer generators
are given by {XXX,ZIZ,ZZI}, as an example. We
can construct the sequential NDQV protocol as M =
M1M2M3 (or arbitrary permutations of the three mea-
surement settings) with
M1 =
(
1 ⊗ |0〉〈0|)[(H ⊗H ⊗H ⊗ 1 )
CX1aCX2aCX3a(H ⊗H ⊗H ⊗ 1 )
]
,
M2 =
(
1 ⊗ |0〉〈0|)[CX1aCX3a],
M3 =
(
1 ⊗ |0〉〈0|)[CX1aCX2a].
(20)
Again, simple direct calculations can prove that M is
equivalent to the optimal global strategy.
Discussion.—As compared to the standard QSV proto-
cols, the sequential NDQV protocol M offers two major
advantages, namely its optimal global efficiency and its
robustness in the measurement setting sequence. How-
ever, these advantages come with the unavoidable cost of
adding additional ancillary qubits as well as coupling op-
erations between the system and the ancilla. In a way, we
replace the resources from preparing the state to be ver-
ified over and over again by preparing the ancillary state
|0〉 for each QND measurement. Experimentally, the re-
alization of these QND measurements is considered to
be a standard technique, and has been demonstrated in
various platforms [38–44]. Moreover, we have proved in
Proposition 2 that only two-body couplings are needed
in the sequential NDQV protocol, which can greatly sim-
plify the experimental implementations. Nevertheless,
we still encourage both theorists and experimentalists to
consider any possible simpler experimental realization for
many-body coupling operations. For instance, the op-
eration based on the property that the sideband Rabi
rate depends only on the number of qubits in the ground
state [45] can be useful to construct a simpler sequential
NDQV protocol for verifying n-qubit Dicke states [18],
otherwise it could be very complex if only two-body cou-
plings are allowed.
5One might find that our sequential NDQV protocol is
similar to the adaptive QSV scheme which can also be
regarded as being realized sequentially. However, they
differ clearly in two major aspects. Firstly, the sys-
tem is directly measured in the standard adaptive QSV
scheme, whereas, in the sequential NDQV protocol, the
measurements are done through the ancilla. Secondly, in
the adaptive approach, the choice of the latter measure-
ment depends on the previous measurement outcomes,
whereas the order of measurement settings in the sequen-
tial NDQV protocol can be arbitrary which eases its ex-
perimental implementations. Furthermore, the adaptive
scheme can also be realized using QND measurements as
demonstrated in Appendix D.
Conclusion.—We have presented a universally optimal
protocol for quantum state verification using QND mea-
surements. By virtue of the nondestructive feature of the
QND measurements, the protocol is constructed sequen-
tially instead of probabilistically. Under such a design,
not only can we preserve the target states, but also make
our protocol equivalent to the optimal global strategy in
terms of the verification efficiency. Specifically, in order
to verify the target state within infidelity  and confi-
dence level 1− δ, we only need N ≈ −1 ln δ−1 copies of
the states. Moreover, our protocol is robust in the sense
that the order of the sequential measurements can be
arbitrarily constructed which is rather friendly to exper-
imental implementations. We demonstrated the power
of our protocol through the optimal verification of Bell
states, arbitrary two-qubit pure states, as well as sta-
bilizer states. In addition, we proved that the protocol
can also be used to perform tasks including fidelity es-
timation and state preparation. Lastly, by employing
the state-process duality, our protocol can be extended
to verifying quantum processes including quantum gates
and quantum measurements [25].
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Appendix A: The definition of ν(M)
Without loss of generality, we consider the case that the actual state is σ = |ψ〉〈ψ| with |ψ〉 =
√
1− |ψ〉+√|ψ⊥〉,
where |ψ⊥〉 represents the subspace orthogonal to |ψ〉 and 0 <  < 1 is the infidelity. Then, the maximal probability
for σ to pass the protocol M is given by
max
〈ψ|σ|ψ〉≤1−
tr
[M(σ ⊗ |0〉〈0|)]
= max
M
min
|ψ⊥〉
tr
{
(1− )M(|ψ〉〈ψ| ⊗ |0〉〈0|)+ M(|ψ⊥〉〈ψ⊥| ⊗ |0〉〈0|)
+
√

√
1− M[(|ψ⊥〉〈ψ|+ |ψ〉〈ψ⊥|)⊗ |0〉〈0|]}
= max
M
min
|ψ⊥〉
[
1− + λ′(M)+ 0]
= 1− [1− λ2(M)] , (21)
where maxMmin|ψ⊥〉 λ′(M) := λ2(M) is the second largest eigenvalue of M with the corresponding eigenstate
|ψ⊥〉 ⊗ |0〉. Hence, in order to verify the target state |ψ〉 within infidelity  and confidence level 1− δ, we need
N ≈ 1
ν(M)
−1 ln δ−1 (22)
copies of the states, where
ν(M) := 1− λ2(M) (23)
denotes the spectral gap between the largest and the second largest eigenvalues of M.
Appendix B: Proof of Corollary 1
Proof. Consider a new measurement setting with the general form Ωj = λ0|ψ〉〈ψ|+
∑
p λ
p
j |ψp〉〈ψp|, where 0 < λ0 ≤ 1.
Using Theorem 1, we construct the new sequential protocol as
M′ =MMj=̂λ0|ψ〉〈ψ| ⊗ 1 . (24)
Hence, the new spectral gap is given by ν(M′) = λ0 ≤ 1, meaning that the verification efficiency is not improved.
Appendix C: Standard QSV protocols for verifying arbitrary two-qubit pure states
1. The non-adaptive approach
To verify an arbitrary two-qubit pure state |Ψ〉 = sin θ|00〉+ cos θ|11〉 with θ ∈ (0, pi/4), the standard QSV protocol
with the optimal verification efficiency using only local and non-adaptive measurements contains four measurement
7settings [9], i.e.,
Ω(4) = α(θ)P+ZZ +
1− α(θ)
3
3∑
k=1
[
1 − |φk〉〈φk|
]
, for α(θ) =
2− sin(2θ)
4 + sin(2θ)
, (25)
with the efficiency giving by ν(Ω(4)) = 1/(2 + sin θ cos θ). The first setting P+ZZ = |00〉〈00|+ |11〉〈11| is the projector
onto the positive eignespace of the Pauli measurement ZZ, and the rest three 1 −|φk〉〈φk| are the measurements that
reject the state |φk〉 where
|φ1〉 =
(
1√
1 + tan θ
|0〉+ e
2pii
3√
1 + cot θ
|1〉
)
⊗
(
1√
1 + tan θ
|0〉+ e
pii
3√
1 + cot θ
|1〉
)
, (26)
|φ2〉 =
(
1√
1 + tan θ
|0〉+ e
4pii
3√
1 + cot θ
|1〉
)
⊗
(
1√
1 + tan θ
|0〉+ e
5pii
3√
1 + cot θ
|1〉
)
, (27)
|φ3〉 =
(
1√
1 + tan θ
|0〉+ 1√
1 + cot θ
|1〉
)
⊗
(
1√
1 + tan θ
|0〉 − 1√
1 + cot θ
|1〉
)
. (28)
However, as we show in Eq. (16) of the main text, to verify |Ψ〉 using only local and non-adaptive measurements,
a minimal three measurement settings are enough, such that
Ω1 = P
+
ZZ = |0〉〈0| ⊗ |0〉〈0|+ |1〉〈1| ⊗ |1〉〈1| ,
Ω2 = 1 − |+〉〈+| ⊗ |ϕ+〉〈ϕ+| , (29)
Ω3 = 1 − |−〉〈−| ⊗ |ϕ−〉〈ϕ−| ,
where |±〉 = (|0〉 ± |1〉)/√2 and |ϕ±〉 = cos θ|0〉 ∓ sin θ|1〉. The latter two Ω2(3) are the measurements that reject the
input states if getting |+〉 (|−〉) on the first subsystem and |ϕ+〉(|ϕ−〉) on the second one simultaneously. Thus, such
a protocol can be constructed as
Ω(3) = Ω2qb =
1
3
(Ω1 + Ω2 + Ω3) , (30)
with the efficiency ν(Ω(3)) = 1/3 which is independent of the parameter θ and only a little worse than that of Ω(4).
2. The adaptive approach
Furthermore, using the general transformation between the adaptive and non-adaptive schemes as presented in
Ref. [18], the least number of measurement settings for verifying |Ψ〉 can be reduced to only two by replacing Ω2 and
Ω3 in Ω
(3) with a single adaptive measurement
XΨ = |+〉〈+| ⊗ |ϕ⊥+〉〈ϕ⊥+|+ |−〉〈−| ⊗ |ϕ⊥−〉〈ϕ⊥−| , (31)
where |ϕ⊥±〉 = sin θ|0〉 ± cos θ|1〉. Then we have the protocol
Ω
(2)
adp =
1
2
P+ZZ +
1
2
XΨ , (32)
which improves the verification efficiency to ν(Ω
(2)
adp) = 1/2.
Last but not least, we note that using adaptive measurements, an optimal efficiency can be achieved by considering
the symmetry between the measurement settings. Such a protocol with three measurement settings has been proposed
and proven in Ref. [13],
Ω
(3)
adp =
cos2 θ
1 + cos2 θ
P+ZZ +
1
2(1 + cos2 θ)
XΨ +
1
2(1 + cos2 θ)
YΨ , (33)
where
P+ZZ = |0〉〈0| ⊗ |0〉〈0|+ |1〉〈1| ⊗ |1〉〈1| ,
XΨ = |ϕ0〉〈ϕ0|+ |ϕ2〉〈ϕ2| ,
YΨ = |ϕ1〉〈ϕ1|+ |ϕ3〉〈ϕ3| ,
(34)
with |ϕ0〉 = 1√2 (|0〉+ |1〉)⊗ (sin θ|0〉+ cos θ|1〉) and |ϕk〉 = gk|ϕ0〉. The unitary operator g is defined as g = Υ⊗Υ†,
where Υ is the phase gate, i.e., Υ|0〉 = |0〉 and Υ|1〉 = i|1〉. Note that XΨ is the same as that in Eq. (31). Then the
optimal efficiency with adaptive measurements is given by ν(Ω
(3)
adp) = 1/(1 + cos
2 θ).
8Appendix D: Adaptive QND measurements
We use the measurement setting
XΨ = |+〉〈+| ⊗ |ϕ⊥+〉〈ϕ⊥+|+ |−〉〈−| ⊗ |ϕ⊥−〉〈ϕ⊥−| (35)
in Eq. (31) in Appendix C as an example to demonstrate how to realize adaptive measurements using the non-
demolition approach. Since the measurements in standard QSV protocols are expected to be local, one can first rotate
them to the measurement basis {|0〉, |1〉}, which can then be realized by the QND measurements {(1 ⊗|0〉〈0|)CX , (1 ⊗
|1〉〈1|)CX} straightforwardly. Such rotations for the two adaptive measurements in XΨ are given by(
H ⊗R+
)(|+〉〈+| ⊗ |ϕ⊥+〉〈ϕ⊥+|)(H ⊗R+)† = |0〉〈0| ⊗ |0〉〈0| ,(
H ⊗R−
)(|−〉〈−| ⊗ |ϕ⊥−〉〈ϕ⊥−|)(H ⊗R−)† = |1〉〈1| ⊗ |0〉〈0| , (36)
where H is the Hadamard gate and R± are rotations that turn the state |ϕ±〉 into |0〉. Specifically, we have
R+ =
[
sin θ cos θ
− cos θ sin θ
]
, R− =
[
sin θ − cos θ
cos θ sin θ
]
. (37)
Then, the adaptive QND measurements for XΨ can be constructed,
MXΨ =
(
H ⊗R†+ ⊗ 1
)(
1 ⊗ |0〉〈0|)CX2a(1 ⊗R+ ⊗ 1 )(1 ⊗ |0〉〈0|)CX1a(H ⊗ 1 ⊗ 1 )
+
(
H ⊗R†− ⊗ 1
)(
1 ⊗ |0〉〈0|)CX2a(1 ⊗R− ⊗X)(1 ⊗ |1〉〈1|)CX1a(H ⊗ 1 ⊗ 1 ) . (38)
Note that MXΨ contains two terms, because XΨ is an adaptive measurement with two branches.
Specifically, the whole measurement process consists of two steps. The first step is to realize the QND version of the
two-outcome projective measurement {|+〉〈+|, |−〉〈−|} on the first particle. The second is to realize the QND version
of the adaptive projective measurement |ϕ⊥+〉〈ϕ⊥+| or |ϕ⊥−〉〈ϕ⊥−| on the second particle according to the outcome of the
first step. To be specific, we rotate the first particle with a Hadamard gate H and send it to a cnot gate CX together
with an ancillary qubit |0〉. Then we measure the ancillary qubit using a Pauli-Z measurement. If the outcome is |0〉
(or |1〉), we rotate the second particle by R+ (or R−) and send it to another cnot gate together with a new ancillary
qubit |0〉. After that, the ancilla is measured by a Pauli-Z measurement, and we declare the test passes if the outcome
|0〉 is obtained. Finally, the state is rotated back to its original form. Note that the last rotation commutes with the
second measurement, so that we can conveniently choose to do the measurement in the very end. This results in the
alternative writing of Eq. (38), i.e.,
MXΨ = (1 ⊗ |0〉〈0|)(H ⊗R†+ ⊗ 1 )CX2a(1 ⊗R+ ⊗ 1 )(1 ⊗ |0〉〈0|)CX1a(H ⊗ 1 ⊗ 1 )
+ (1 ⊗ |0〉〈0|)(H ⊗R†− ⊗ 1 )CX2a(1 ⊗R− ⊗X)(1 ⊗ |1〉〈1|)CX1a(H ⊗ 1 ⊗ 1 ) . (39)
Appendix E: Proof of Proposition 2
Proof. Without loss of generality, we consider the generalized controlled-X gate CnX such that the ancillary qubit is
controlled by n system qubits, i.e.,
CnX =
(
1 − |11 · · · 1〉〈11 · · · 1|)⊗ 1 + |11 · · · 1〉〈11 · · · 1| ⊗X . (40)
Note that the cnot gate CX representes a special case of CnX when n = 1, namely
CX = |0〉〈0| ⊗ 1 + |1〉〈1| ⊗X . (41)
Following Eq. (11), for an arbitrary input state σ together with an ancillary qubit |0〉, the QND measurement with
cnot gates has the relation[(
1 ⊗ |0〉〈0|)CX](σ ⊗ |0〉〈0|) = (|0〉〈0| ⊗ |0〉〈0|+ |1〉〈1| ⊗ |0〉〈1|)(σ ⊗ |0〉〈0|) = (|0〉〈0| ⊗ 1 )(σ ⊗ |0〉〈0|) , (42)
which tells us that
(
1 ⊗ |0〉〈0|)CX=̂|0〉〈0| ⊗ 1 . Then, we consider the sequential measurement constructed by using
cnot gates, such that[(
1 ⊗ |0〉〈0|)CX1a][(1 ⊗ |0〉〈0|)CX2a] · · · [(1 ⊗ |0〉〈0|)CXna]=̂|00 · · · 0〉〈00 · · · 0| ⊗ 1 . (43)
9With the rotation of a Pauli-X measurement, the generalized controlled-X gate becomes(
X ⊗X ⊗ · · · ⊗X ⊗ 1 )CnX(X ⊗X ⊗ · · · ⊗X ⊗ 1 ) = (1 − |00 · · · 0〉〈00 · · · 0|)⊗ 1 + |00 · · · 0〉〈00 · · · 0| ⊗X , (44)
so that the QND measurement with rotated CnX has the equivalence(
1 ⊗ |0〉〈0|)(X ⊗X ⊗ · · · ⊗X ⊗ 1 )CnX(X ⊗X ⊗ · · · ⊗X ⊗ 1 )=̂(1 − |00 · · · 0〉〈00 · · · 0|)⊗ 1 . (45)
Following Eqs. (43) and (45), one can quickly find(
1 ⊗ |0〉〈0|)(X ⊗X ⊗ · · · ⊗X ⊗ 1 )CnX(X ⊗X ⊗ · · · ⊗X ⊗ 1 )
=̂1 − [(1 ⊗ |0〉〈0|)CX1a][(1 ⊗ |0〉〈0|)CX2a] · · · [(1 ⊗ |0〉〈0|)CXna] , (46)
which means that (n+ 1)-body couplings can always be realized by n times the sequential measurements constituted
by two-body couplings only with non-demolition measurements.
Now we can generalize the proof by considering arbitrary (n+ 1)-body couplings
RCnX :=
(
R(1)† ⊗R(2)† ⊗ · · · ⊗R(n)† ⊗ 1 )CnX(R(1) ⊗R(2) ⊗ · · · ⊗R(n) ⊗ 1 ) = (nR† ⊗ 1 )CnX(nR⊗ 1 ) , (47)
where R(i)s are arbitrary local unitary operations. One notes that as the controlled qubit in the QND measurements
is fixed to be |0〉, the local operator R(a) ≡ 1 . Similarly, we have
RCXia :=
(
R(i)† ⊗ 1 )CXia(R(i) ⊗ 1 )=̂|φi〉〈φi| ⊗ 1 , (48)
where |φi〉 = R(i)†|0〉. So we have the QND measurements
nRMX :=
[(
1 ⊗ |0〉〈0|)RCX1a][(1 ⊗ |0〉〈0|)RCX2a] · · · [(1 ⊗ |0〉〈0|)RCXna]=̂|φ〉〈φ| ⊗ 1 , (49)
with |φ〉 = ⊗i |φi〉. Also, we can define the QND measurements
RMnX :=
(
X ⊗X ⊗ · · · ⊗X ⊗ 1 )RCnX(X ⊗X ⊗ · · · ⊗X ⊗ 1 )=̂(1 − |φ〉〈φ|)⊗ 1 . (50)
Then one can quickly obtain a more general relation
RMnX=̂1 − nRMX . (51)
Note the commutation between the projective measurement 1 ⊗ |0〉〈0| and the local operations Ri and Pauli-X, as
well as the commutation between CXia and R(j)(i 6= j), so that an appropriate choice of operation sequence would
simplify the experimental realizations.
For example, the QND measurement using cnot gates for verifying arbitrary two-qubit pure states with the order
of Eq. (19) in the main text is
Mbi = 1 −
(
1 ⊗ |00〉〈00|)(R†i ⊗ 1 )CX1aCX2a′(Ri ⊗ 1 ) , (52)
which can easily be realized with four steps using two ancillary qubits initialized as |00〉: two local rotations, two
couplings, two local rotations, and two ancilla measurements. However, it can also be rewritten as
Mb′i = 1 −
[(
1 ⊗ |0〉〈0|)(R(1)†i ⊗ 1 )CX1a(R(1)i ⊗ 1 )][(1 ⊗ |0〉〈0|)(R(2)†i ⊗ 1 )CX2a′(R(2)i ⊗ 1 )] , (53)
where Ri = R
(1)
i ⊗ R(2)i . This order is in favor of modular designs that can be constructed by the same blocks on
the two qubits with four steps: one local rotation, one coupling between the two qubits, one local rotation, and one
ancilla measurement. Such blocks can be conveniently extended for the verification of other multipartite entangled
states. Moreover, only one ancillary qubit is required if it can be re-initialized during the experiment.
